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We consider a universe with a bulk viscous cosmic fluid, in a flat Friedmann-Lemaitre-Robertson-
Walker geometry. We derive the conditions for the existence of inflation, and those which at the
same time prevent the occurrence of self-reproduction. Our theoretical model gives results which
are in perfect agreement with the most recent data from the PLANCK surveyor.
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I. INTRODUCTION
Recent observational data from the Planck satellite concerning cosmic inflation [1, 2] have enabled us to make a
more detailed picture of the inflationary period of the universe evolution. The inflationary theory describes the very
early and intermediate stage of this evolution. The inflationary stage is known to be extremely short, but the universe
expansion becomes exponentially large during this epoch.
However, the usual inflationary theories have inherent problems, such as multiversity, predictability, and initial
condition issues. Self-reproduction of the universe, meaning that the inflationary process has no way to finish, can
be also seen as a major problem; the inflation would never end. Recently, an inflationary scenario which avoids the
self-reproduction problem has been proposed in [3].
There exist several different regimes which are possible in inflationary cosmology. We will here consider what we
believe is the simplest possibility for inflation without self-reproduction. In such scenario the universe is not stationary.
As shown in [4], F (R) inflation without self-reproduction may be formulated analogously to the corresponding
scalar models considered in [3] (for a review of inflation in F (R) gravity, see [5]). A description of an inflationary
universe assuming a perfect fluid model and F (R) gravity was given in [6], including comparison with observational
data. A general review of inflationary cosmology and associated problems involving multiversity and initial conditions
was given in [7], while additional relevant literature on the subject we discuss here can be found in [8].
In order to avoid self-reproduction in the inflationary universe the thermodynamic parameter ω(N) in the equation
of state (EoS) is bound to satisfy the following requirements:
a) 1 + ω(N) = 1 at N = 1 (to have graceful exit),
b) 1 + ω(N) ≤ 2/3 at N = Nm (to solve the initial condition problem),
c) 1 + ω(N)≪ 1 for 1 < N < Nm (period of inflation),
d) 1 + ω(N) > ǫ(N) for 1 < N < Nm (no selfreproduction). (1)
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2Note that all these given conditions for avoiding self-reproduction are referred to Einstein’s gravity background (see
Ref. [4]). The origin of the requirements (1) are carefully explained in Ref. [4]. Concerning the first of them, one
should observe that, from the very beginning of inflation a small (but nonvanishing) deviation of the EoS from the
cosmological constant is compulsory (first of Eqs. (1)), because otherwise inflation would never end. To describe the
change of this deviation with time, the number of e-folds, N , left up to the end of inflation is used, which plays the
role of time. At the beginning of inflation one has N = Nm, while at its end, N ∼ 1. The scale factor a varies as
a = a0e
−N , with a0 a constant. One expects N to be moderately large, namely N < 70. Moreover, ǫ(N) is the
non-dimensional energy density in Planck units, related to the energy density ρ in common units via ǫ(N) ∼ k4ρ(N),
with k2 = 8πG. We will not repeat here the discussion leading to the rest of the conditions (1), which can be found
in Ref. [4].
Viscous cosmology is a subject that has attracted considerable attention recently. The inclusion of viscosity means
physically that one works up to first order deviations from thermal equilibrium. For instance, the inclusion of bulk
viscosity (the influence of shear viscosity being absent because of spatial isotropy) may be of importance for the
occurrence of the big rip future singularity [9, 10], as well as for singularities of the so-called II, III, and IV types
[10, 11], and for the dark energy/dark matter coupling [12].
It should be noted that viscous fluids can be considered as a particular class of generalized fluids (fluids with
inhomogeneous or time dependent EoS, see [10, 13–16]). Inhomogeneous fluid cosmology may also be interpreted as a
kind of modified gravity [17, 18]. Various examples of inhomogeneous viscous fluids were investigated in [19–21], and
the recent papers [22, 23] are devoted to inflationary cosmological models with viscous coupled fluids.
In this article we will reproduce inflation by using an inhomogeneous EoS parameter and formulate the conditions
for the existence of inflation without self-reproduction. As it will be shown below, this viscous fluid model is in
agreement with the PLANCK satellite data.
II. INFLATIONARY VISCOUS MODELS WITHOUT SELF-REPRODUCTION
We will now investigate which conditions in the very early universe may allow us to avoid the phenomenon of
self-reproduction. The conditions are to be expressed in terms of the EoS parameters and of the bulk viscosity. We
apply the inhomogeneous viscous fluid formalism to a flat Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime.
The gravitational field equations acquire the following form,
ρ′(N) + 3[ρ(N) + P (N)] = 0,
− 2
k2
H(N)H ′(N) = ρ+ P, (2)
where H = a˙/a is the Hubble parameter, with a(t) being the scale factor. The dot denotes derivative with respect to
the cosmic time t; ρ is the density and P is the pressure of the (one-component) fluid. The prime means derivative
with respect to the e-folding parameter N , i.e. ρ′(N) = dρ(N)/dN and H ′(N) = dH(N)/dN .
We now write Friedmann’s first equation as
3
k2
H2(N) = ρ, (3)
and drive the EoS to have the following inhomogeneous form,
P (N) = ω(N)ρ(N) + ζ(N). (4)
Here ζ(N) is a function of the bulk viscosity, and not the viscosity itself (observe that in geometric units the dimension
of ζ(N) is cm−4, whereas the dimension of viscosity is cm−3). The notation in (4) is the same as in the recent paper
[22]. The EoS (4) is analogous to the inhomogeneous EoS often studied in the literature, for instance in [24], but
there without use of the viscosity concept.
We will now study the conditions (1) above, for having inflationary models with viscosity and avoiding the self-
reproduction issue. One can actually consider many different dependences of the Hubble parameter on N and in
fact, with regard to comparison with astronomical data, to determine a specially fitting parametrization of H is a
major issue. We feel that the issue we are dealing with is not at this level of accuracy and, therefore, we shall here
consider, for the sake of comparison, the three main possible dependences of H(N) on N , namely linear, quadratic
and exponential.
3A. Linear form for the Hubble parameter
Let us consider the following linear form for H [6],
H(N) = G0N +G1, (5)
where G0 < 0 and G1 > 0 are constant parameters.
We choose the viscosity function ζ(N) to be proportional to the square of H [22],
ζ(N) = θH2(N), (6)
where θ is a positive dimensional constant being, in geometric units, its dimension cm−2.
Using the gravitational equation of motion (2), with (5) and (6), we obtain the following expression for the ther-
modynamic parameter
ω(N) = −1− 1
3
[
2G0
H(N)
+ k2θ
]
. (7)
The second term in the bracket represents the contribution from viscosity. Therefore, the EoS (4) can be written as
P (N) =
[
−1− 2G0
H(N)
]
ρ(N). (8)
We now define the conditions under which the thermodynamic parameter (7) in the EoS satisfies all the conditions
(1) for the avoidance of self-reproduction. From condition (1a), we obtain
θ =
1
k2
(
2|G0|
G0 +G1
− 3
)
. (9)
Here G1 <
5
3 |G0|, because θ > 0. From condition (1b), we find the following expression for the e-folding parameter
Nm at the beginning of inflation,
Nm =
G1
|G0| −
2
2 + k2θ
. (10)
This expression thus determines the relationship between the parameters at the beginning of inflation.
Now consider the condition (1c) for inflation to occur,
1 < N <
G1
|G0| −
2
3 + k2θ
≡ N ′m. (11)
Consequently, the conditions (1b-1c) can be simultaneously satisfied if 1 < N < Nm (Nm < N
′
m).
Next consider the condition (1d) for ”non-self-reproduction” of inflation. Taking into account (7), this condition
can be simplified, to read
9H3(N) + θH(N) +
2G0
k2
< 0. (12)
The solution of this inequality is
1 < N <
1
|G0|
(
G1 − 2
3
√
θ
3
cot 2α
)
, (13)
where
tanα =
{
tan
[
1
2
arctan
k2
3|G0|
(
θ
3
)3/2]}1/3
, |α| ≤ π
4
.
From comparison of (10) and (13) it follows that, in order to avoid the initial condition problem, the following,
necessary relationship has to be satisfied
G0 +G1 =
2
3
√
θ
3
cot 2α. (14)
Thus, we have obtained for the inflationary model with a linear form for H , the form (8) for the EoS. If we want
to avoid self-reproduction and the initial condition problem, the thermodynamic parameter (7) in the EoS must
simultaneously satisfy the requirements (9), (10), and (14).
4B. Exponential form for the Hubble parameter
In this example we will study the following form for H [6],
H(N) = G2e
βN +G3, (15)
where the constant parameters satisfy G2 < 0, G3 > 0, β > 0. Such an exponential form can describe powerlaw
inflation.
Let us suppose that the viscosity function is proportional to H [22],
ζ(N) = θ˜H(N), (16)
where θ˜ is a constant. In geometric units its dimension is cm−3. Using the gravitational equation (2) for the energy
together with (15) and (16), we find the thermodynamic parameter to have the following form,
ω(N) = −1− 2βG2e
βN + k2θ˜
3H(N)
. (17)
The corresponding EoS becomes
P (N) =
{
−1− 2β[H(N)−G3] + k
2θ˜
3H(N)
}
ρ(N) + θ˜H(N). (18)
We will now investigate this inflationary model again with the purpose of avoiding self-reproduction. To start, we use
the condition (1a) above to derive, for the parameter θ˜,
θ˜ =
3
k2
[(
2
3
β + 1
)
eβ|G2| −G3
]
. (19)
Since θ˜ > 0, this means that G3 <
(
2
3β + 1
)
eβ |G2|. Further, we find from condition (1b) the following e-folding
parameter N , at the beginning of inflation,
N ′m =
1
β
ln
k2θ˜ + 2G3
2|G2|(β + 1) . (20)
From condition (1c) the following boundaries for inflation are obtained
1 < N <
1
β
ln
[
k2θ˜ + 3G3
(2β + 3)|G2|
]
≡ N ′′m. (21)
This is necessary in order to satisfy the conditions (1b-1c), namely N ′m > N
′′
m. Inflation without self-reproduction
can now be realized if we take into account (17) and the condition (1d). Then (1d) simplifies to
H3(N) +
2β
9k2
H(N) +
1
9
(
θ˜ − 2β
k2
G3
)
< 0. (22)
The solution (22) can be rewritten as
1 < N <
1
β
ln
1
|G2|
[(
2
3
)3/2 √
β
k
cot 2α+G3
]
, (23)
where
tanα =
{
tan
[
1
2
arctan
1
θ˜ − 2βk2 G3
(
2
3
)5/2(√
β
k
)3]}1/3
, |α| ≤ π
4
, θ˜ <
2β
k2
G3.
Comparing (21) with (23) we choose the e-folding parameter Nm at the beginning of inflation to be equal to
Nm =
1
β
ln
[
3k2θ˜ +G3
(2β + 3)|G2|
]
, (24)
5where
G3 = e
β −
(
2
3
)3/2 √
β
k
cot 2α. (25)
We have thus shown that it is possible to have a regime of “non-self-reproducibility” in the inflationary scenario
assuming an exponential behavior for the Hubble parameter. The thermodynamic parameter, in the form (17),
simultaneously satisfies the conditions (1a-d) provided the equations (19), (24), and (25) hold.
C. Quadratic form for the Hubble parameter
Here we consider a differet dependence for H , [6]
H(N) = G4N
2 +G5, (26)
where G4 < 0 and G5 > 0 are constant parameters. The viscosity function ζ(H) has, again, the form (6). From the
gravitational equation (2), together with (6) and (26), we obtain for the thermodynamic parameter
ω(N) = −1− 1
3
[
4G4N
H(N)
+ k2θ
]
. (27)
The consequence being that the thermodynamic parameter contains a contribution from viscosity.
The corresponding EoS becomes
P (N) =
{
−1− 4
3
[
G4N
H(N)
+
1
3
k2θ
]}
ρ(N). (28)
Analogously to our previous considerations, we will check how the present inflationary model fits with the conditions
(1a-d). From condition (1a) we find the following expression for the parameter θ,
θ =
4|G4|
k2(G4 +G5)
, (29)
while condition (1b) yields the e-folding parameter N , at the beginning of inflation, to be
Nm = − 2
2 + k2θ
+
√
4
(2 + k2θ)2
+
G5
|G4| . (30)
Condition (1c) results in
1 < N < −2(3 + k2θ) +
√
4(3 + k2θ)2 +
G5
|G4| = N
′
m. (31)
In order to fulfill the conditions (1b-c) simultaneously, we must require that 1 < N < Nm (Nm < N
′
m). The last
condition (1d), together with (7), leads to the inequality
H3(N) +
θ
9
H(N) +
4G4
9k2
N < 0. (32)
It has the solution
1 < N <
1
|G4|
√
2
3
√
θ
3
| cot 2α|+G5, (33)
where
tanα =
{
tan
[
1
2
arctan
k2
18|G4|
√
θ3
3
]}1/3
, |α| ≤ π
4
.
6From a comparison of (30) and (33) we see that, in order to avoid the initial condition problem, it is necessary that
the following relationship between the parameters holds
γ +
√
γ2 +
G5
|G4| =
1
3γ
√
θ
3
∣∣∣cot 2α
G4
∣∣∣, (34)
with γ = 22+k2θ .
Thus, these inflationary models do realize the existence of the regime of “non-self-reproduction”, provided the
relations (29), (33), and (34) hold, for the thermodynamic parameter of the form (27).
III. COMPARISON OF OUR INFLATIONARY MODELS WITH OBSERVATIONAL DATA
In this section we will calculate the inflationary parameters and consider, in particular, the matching of the spectral
index and tensor-to-scalar ratio with the most recent data available from the PLANCK surveyor.
Let us first calculate the “slow-roll” slope parameter [13]
ε = − H˙
H2
. (35)
Assuming the linear form (5) for the Hubble parameter, one gets
ε =
|G0|
G0N +G1
. (36)
In order to have acceleration, one must require ε < 1. In our case, this corresponds to
1 < N <
G1 − |G0|
|G0| . (37)
Another important “slow-roll” parameter is [13]
η = ε− 1
2εH
ε˙. (38)
In our case, η = ε/2, and the power spectrum is [13]
∆2R =
k2H2
8π2ε
. (39)
From Eqs. (5) and (36), we find
∆2R =
k2(G0N +G1)
3
8π|G0| . (40)
And taking into account the slow-roll parameters, one can calculate the spectral index ns and the tensor-to-scalar
ratio r, as
ns = 1− 6ε+ 2η, r = 16ε. (41)
We then obtain
ns = 1− 5|G0|
G0N +G1
, r =
16|G0|
G0N +G1
. (42)
From the PLANCK satellite 2015 astronomical results, we know that ns = 0.9603± 0.0073. To be in accordance with
this result, we require that |G0|G0N+G1 = 0.00794± 0.000146.
The relation between the EoS parameter and the tensor-to-scalar ratio is
ω(N) = −1 + r
24
− 1
3
k2θ, (43)
7where the influence from viscosity is present in the last term. A similar relation for the inflationary universe for a
perfect fluid without viscosity was explored in [6].
On the other hand, assuming the exponential form (15) for the Hubble parameter, we obtain
ε = β|G2| e
βN
G2eβN +G3
. (44)
The regime of acceleration corresponds to
1 < N <
1
β
ln
G3
(β + 1)|G2| , (45)
and one calculates from here
η = ε
(
1− G3|G2|e
−βN
)
. (46)
The amplitude of the primordial scalar power spectrum (39) is given by
∆2R =
k2(G2e
βN +G3)
3
8π2β|G2|eβN . (47)
From the slow-roll parameters one gets for the spectral index, ns, and the tensor-to-scalar ratio, r,
ns = 1 + 2ε
(
G3
G2
e−βN − 2
)
, r = 16β|G2| e
βN
G2eβN +G3
. (48)
Thus, the relationship between the thermodynamic parameter ω and the tensor-to-scalar ratio r becomes
ω(N) = −1 + r
24
− 1
3
k2θ˜
H(N)
. (49)
Finally, for the square of the Hubble parameter (26) we have
ε =
2|G4|N
G4N2 +G5
, η =
3
2
ε+
1
2N
. (50)
The acceleration corresponds to
1 < N < −1 +
√
1 +
G5
|G4| , (51)
and the power spectrum is given by
∆2R =
k2(G4N
2 +G5)
3
16π|G4|N . (52)
We can write, for our designed observables in this inflationary model,
ns = 1− 3ε+ 1
N
, r =
32|G4|N
G4N2 +G5
. (53)
Finally, the thermodynamic parameter ω can be expressed in terms of r and θ, similarly as in (43).
IV. CONCLUSIONS
We have considered in this paper inflation from fluid models which take into account bulk viscosity, in a FLRW
spacetime. We have searched for the conditions that tell us how to avoid the self-reproduction issue in the very early
universe, namely at about 10−33 s after the big bang. We have studied in detail three different inflationary models
that allow us to do that. Specifically, in terms of the e-folding parameter N we have discussed the cases where the
8Hubble parameter H(N) varies: (i) linearly with N , (ii) exponentially as eβN with β a positive constant, and (iii)
quadratically with N . Expressions for the thermodynamic parameter ω(N) in the EoS in terms of N have been
obtained for all these models.
Moreover, for all those models, the corresponding conditions leadingto “non-self-reproduction” have been analyzed,
following the method outlined in [3]. It has been shown that these fluid models are compatible with an inflationary
universe. Expressions for the spectral index ns, the tensor-to-scalar ratio r, and the power spectrum have been
explicitly calculated. Also, we have derived useful expressions for the thermodynamic parameter in terms of the
tensor-to-scalar ratio and the viscosity function. Agreement with the most recent and accurate astronomical data,
obtained with the PLANCK satellite surveyor, has been demonstrated.
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Appendix.
Let us consider here explicitly the following generalization of the linear form for the Hubble parameter:
H(N) = G0N
n +G1, (54)
where the parameter n is a positive integer, while G0 < 0 and G1 > 0.
We will check the possible agreement of this theoretical model for general n with the PLANCK satellite observational
data. To start, we calculate the corresponding slow-roll parameters:
ε =
n|G0|Nn−1
H
, η =
1
2
(
ε− n− 1
N
)
. (55)
The regime of universe acceleration will hold whenever this inequality is fulfilled: ε < 1. In our case this is equivalent
to the following condition:
Nn + nNn−1 − G1|G0| < 0. (56)
In the particular case when n = 2, we obtain the solution
1 < N < −1 +
√
1 +
G1
|G0| . (57)
If we consider the asymptotic case, where N → 1. Then, in (56) the second term yields the main contribution, and
the inequality (56) simplifies as
nNn−1 <
G1
|G0| . (58)
Hence, it follows that N < [G1/(n|G0|)]1/(n−1), n > 1, and the e-folding parameter N changes in the region 1 ≈ N <
[G1/(n|G0|)]1/(n−1), n > 1. On the contrary, when N is larger (recall that about 50-70 e-foldings are required to
solve the horizon and flatness problems), then in (56) it is the first term that yields the main contribution, and the
inequality (56) reads now
Nn <
G1
|G0| ; (59)
the e-folding parameter N changes in the region 1 << N < (G1/|G0|)1/n, in this case.
Finally, we find the power spectrum:
∆2R =
k2(G0N
n +G1)
3
8πn|G0|Nn−1 . (60)
The spectral index ns and the tensor-to-scalar ratio r turn out to be
ns = 1− 5ε− n− 1
N
, r =
16n|G0|Nn−1
G0Nn +G1
. (61)
9Further, we now discuss the coincidence of this inflationary model with PLANCK’s astronomical results. In order to
reproduce the most recent observations, it is necessary to demand that
(4n+ 1)|G0|Nn + (n− 1)G1
N(G0Nn +G1)
= 0.0397± 0.0073, (62)
and another restriction we encounter reads
n|G0|Nn−1
G0Nn +G1
< 0.006875. (63)
All these restrictions can be easily accounted for and thus, we conclude that our model is able to describe the evolution
of the inflationary universe.
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